We construct a generic two-band model which can describe topological Weyl semimetals with multiple closed Weyl loops. All the existing multi-Weyl-loop semimetals including the nodal-net, or nodal-chain and Hopf-link states can be examined within one same framework. Based on a two-loop model, the corresponding drumhead surface states for these topologically different bulk states are studied and compared with each other. The connection of our model with Hopf insulators is also discussed. Furthermore, to identify experimentally these topologically different Weyl semimetal states, especially distinguish the Hopf-link from unlinked ones, we also investigate their Landau levels. It is found that the Hopf-link state can be characterized by the existence of a quadruply degenerate zero-energy Landau band, regardless of the direction of the magnetic field.
Introduction.-As topological materials [1] [2] [3] [4] , gapless topological semimetals, especially Weyl semimetals have recently attracted widespread attentions. According to the dimensionality of the manifolds of crossings between the conduction band and valence band, Weyl semimetals can be classified into Weyl-point [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] and Weyl-loop semimetals [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] . Not only has the concept of the former now been extended to type II [31] [32] [33] [34] [35] [36] [37] , but also that of the latter has been promoted to the nodal-net [38] [39] [40] [41] [42] or nodal-chain [43, 44] cases. Very recently, a new family member, namely, the Hopflink Weyl semimetal [45] [46] [47] [48] [49] [50] [51] has been found, where the two bands touch each other at two closed loops which form a Hopf link. While the Weyl-point topological semimetals have Fermi-arc surface states [5, 52] , the Weyl-loop topological semimetals have robust drumhead surface states [15, 25, 53, 54] , which enables the possibility of surface high-temperature superconductivity [55] .
In previous studies, all these Weyl-loop topological semimetals are described by independent models, and we still lack an universal description and understanding of all these topologically different states within one same framework. In this paper, we newly construct a generic multi-Weyl-loop model which is capable of describing all the existing Weylloop topological semimetals, including the nodal-net, nodalchain and Hopf-link Weyl semimetals. Within this generic model, we examine and identify these topologically distinct bulk states and their corresponding drumhead surface states protected by the chiral symmetry. A simple model for a threeloop Weyl semimetal is illustrated with any two of the loops linked with nontrivial linking numbers. We also found that each Hopf-link model can be connected with a nontrivial Hopf insulator. Furthermore, it is shown that these topologically different Weyl-loop states can be distinguished by their Landau levels or by the nodes of their corresponding gapless Floquet states driven by a circularly polarized light.
Hamiltonian model.-We propose a new two-band model for Weyl semimetals with multiple closed Weyl loops. The general model Hamiltonian H n (k) with n Weyl loops can be * Electronic address: anjin@nju.edu.cn written as,
where
complex function of k and each equation F i (k) = 0 is assumed to determine a closed loop. The energy dispersion of H n reads as:
Obviously, the zero-energy states are composed of the N closed loops determined by F i (k) = 0 with i = 1, 2, ...n. The advantage of this N -loop model is that since each loop can be constructed independently, any two loops can be linked to each other with nontrivial linking numbers, or all loops can be connected to form a chain or net. Therefore by utilizing our two-band model, one can study the nodal-chain, nodal-net and Hopf-link semimetals within one same framework. Symmetry analysis.-The generic two-band Hamiltonian H n has the combined PT symmetry [56] , CP symmetry and chiral symmetry respectively,
where K is complex conjugation. Consider a closed path L within the gapful region in the BZ. Due to the chiral symmetry, the Hamiltonian H n restricted to the path is a 1D system which belongs to symmetry class AIII [57] [58] [59] , resulting in a well defined 1D winding number, Depending on the path chosen which encloses a few of the Weyl loops or not, N L can be nontrivial or trivial.
Hopf-link Weyl semimetal without mirror symmetry.-Now let's consider the following minimal two-loop Hamiltonian:
owns two loops within plane k z = 0 and k x = 0 respectively, as shown in Fig.1 . Here m and k 0 y are adjustable parameters, with the first responsible for the size and the second for the relative position of the two loops. This minimal model is constructed here mainly to capture the essential physics of the two-loop Weyl semimetals. To relate the twoloop model to real materials, one may seek more complicated
When varying parameter k 0 y continuously, the system becomes successively the nodal-net, Hopf-link, nodal-chain and unlinked topological semimetals. Different from the fourband model with mirror symmetry in Ref [50] , this two-loop model is two-band without mirror symmetry. However, H 2 has a C 2 rotation symmetry with respect to k y axis,
where C 2 = σ x . Thus along k y axis, we have the commutation relation [H 2 (k x = 0, k y , k z = 0), C 2 ] = 0, indicating the two bands of the 1D system as functions of k y can be labeled by the eigenvalues ±1 of C 2 . This is exhibited in Fig.1.(a2) - (d2), where for the upper band of the four topologically distinct states, the sequences of the eigenvalues' signs are (+, +, +), (+, −, +, −, +), (+, −, −), (−, +, −, +, −), respectively, as scanning k y from −π to π. These sequences distinguish most of the topological semimetal states from others, with the exception of the Hopf-link state from the unlinked one.
To explore the bulk-edge correspondence, we have also shown accordingly in Fig.1.(a3) -(d3) the drumhead surface states, of which the profile is actually a combination of the 2D projections of the two bulk loops on the surface. These surface states are protected by the chiral symmetry, since within the drumhead area, each surface state corresponds to a nontrivial winding number N L with path L chosen along the surface normal direction. Note that the existence of the surface states within the overlap region of the 2D projections for the two loops(as shown in Fig.1.(b3) ) is not the intrinsic property relevant to a Hopf link. To demonstrate this point, we apply open-boundary conditions along another direction. For the same bulk Hopf-link state, there would be no surface state within the overlap region. While for a unlinked state, there still exist surface states at the overlap regions for particular boundary directions, as shown in Fig.2 . Therefore it is hard to distinguish the Hopf-link semimetals from the unlinked ones merely by the existence or not of the surface states at the overlap region. Two Hopf-link loops with a high linking number .-We can readily construct models for the two-loop Weyl semimetals, where the two Weyl loops are linked with a high linking number. F 1 (k) can be chosen as follows,
where q is an integer. N 1,2,3,4 are given as,
with m the size parameter of the loops. These functions have been used to construct Hopf insulators or things related [60] [61] [62] [63] [64] [65] [66] . F 2 (k) is obtained by rotating F 1 (k) 180
• along z axis. Without loss of generality, m is chosen to be 2.3. Generically, the linking number of the two closed curves is q. In Fig.3(a) we exhibit the linking structure of the two loops with linking number 3. When q ≥ 3, the linking structure is so complex that in order to determine the linking number, one has to make a 2D projection of the two closed loops. By associating each crossing point between the two loops' projections with an integer +1 or −1, mathematically, the linking number is one half the absolute value of the sum over all the integers, as shown in Fig.3(b) for q = 3.
Multiple Weyl loops linked with arbitrary linking numbers.-From our Hamiltonian (2), one can generically construct an N -loop model with arbitary linking numbers between any two of the loops. We take N = 3 as an illustration. Here F 1 (k) is chosen as before with q = 1 or q = 2. Then F 2 (k), F 3 (k) can be obtained by rotating F 1 (k) along z axis 90
• and 180
• , respectively. The geometric configuration of three loops are shown in the Fig.4(a)(b) , where any two of them are linked with linking number 1 and 2 respectively. As before, the drumhead surface states are protected by the chiral symmetry and their profile is a combination of the 2D projections of the three closed loops, as shown in Fig.4 
(c)-(e).
Connection with Hopf insulator.-Now we connect our two-band model with a Hopf insulator [60] [61] [62] [63] [64] [65] [66] [67] . We still take the two-loop model H 2 as an illustration. By adding an additional σ z term to H 2 , one can obtain the corresponding model for a Hopf insulator as follows:
It can be easily seen that the energy band of H(k) is fully gapped as long as the two Weyl loops of H 2 (k) share no crossing. The model can be expressed as
, which has the standard form for a Hopf insulator and thus defines a map from 3D BZ to a two-sphere, i.e., T 3 → S 2 [60] [61] [62] . Consider any two points on S 2 , whose preimages would be two closed loops within BZ. The nontrivial Hopf insulator is characterized by an integer which is the linking number of the two loops. For the above model, we choose the north and south poles (0, 0, ±1) on S 2 . It can be readily checked that their preimages are respectively the two Weyl loops given by F 1 = 0 and F 2 = 0. Therefore if the two Weyl loops in the T 3 are linked(unlinked), the corresponding Hopf insulator is topologically nontrivial(trivial) with the linking number taken as its topological invariant.
Landau levels.-To further identify the topologically different Weyl-loop semimetals, and especially to distinguish the Hopf-link state from the unlinked one, we study the Landau levels of the topological states shown in Fig.1(a1)-(d1) . To make things simple, we take the continuous limit of the model
Here k and k (Π x + iΠ z ), with l B = eB , the Landau levels as functions of the good quantum number k y can be numerically obtained and exhibited in Fig.5 . The Landau spectrum is always symmetric with respect to k y = k 0 y . There are two critical points of k 0 y as displayed in Fig.5(a) and (e) for the nodal-net and nodal-chain states, respectively. With a slight increase of k 0 y for the nodal-net state with k 0 y = 0, the two loops form a Hopf link and a quadruply degenerate zero-energy Landau band always exists. When the loop within plane k x = 0 is so shifted that the system actually becomes the nodal-chain state as shown in Fig.5(e) , the quadruply degenerate zero-energy Landau band disappears. The spectra for the Hopf-link loops are described by Fig.5(b) -(d), while that for the unlinked by Fig.5(f) .
These numerical results can be understood as follows. The Landau levels for each k y = k are actually those of the 2D section of the original system cut by plane k y = k. When there exists no crossing between the two loops and the plane, the 2D system is gapful which has no zero-energy Landau level. When the plane generically intersects one of the loops or both loops, the 2D system become gapless with 2 or 4 Dirac nodes respectively. Each pair of the Dirac nodes contributes a doubly degenerate zero-energy Landau level. Therefore, the Landau spectrum of the Hopf-link state is characterized by the existence of a quadruply degenerate zero-energy Landau band, since there always exist planes k y = k which intersect both loops, regardless of the direction of the magnetic field. On the other hand, for the unlinked state, the quadruply degenerate zero-energy Landau band does not exist for all the directions of the applied magnetic field. For some directions, as shown in Fig.5(f) , the unlinked state has only a doubly degenerate zero-energy Landau band. From this viewpoint, the two-loop nodal-net(nodal-chain) Weyl semimetals can be regarded as a critical state of the Hopf-link(unlinked) Weyl semimetals. With these distinct features, the Hopf-link states can also be distinguished clearly from the unlinked ones.
Floquet gapless states.-Finally we investigate the lowenergy effective Hamiltonian of the two-loop model studied above driven by a circularly polarized light [68] [69] [70] [71] , which may help experimentalists identify the topologically distinct Weyl semimetals. Assume that the light is propagating along y direction which is parallel to both planes defined by the two loops, with A(t) = A 0 (cos ωt, 0, sin ωt). By the minimal coupling H(k) → H(k, t) = H(k + eA(t)) , one can make the expansion H(k, t) = n H n (k) exp inωt . Keeping to order of O(eA 0 ) 2 , the effective Hamiltonian is derived as [72] [73] [74] [75] [76] [77] ,
where C = eA 0 , and γ = C 2 [(k x (2r 2 2 + 2r 1 r 2 − r 1 ) − k z (2r
, with r j = ReF j (k), j = 1, 2. The effective Hamiltonian H eff describes a new gapless semimetal with several nodes located at the crossing points between the two loops and k y axis. For the states shown in Fig.1(a)-(c) , all the nodes(denoted by the colored dots) are located along k y axis, and the number of them is 2, 4 and 3 respectively. This feature can thus be expected to be experimentally utilized to locate the positions of the Weyl loops.
Conclusion-We have constructed a generic two-band model to describe Weyl semimetals with multiple Weyl loops. Since each loop can be constructed independently, by utilizing one same two-loop model, the drumhead surface states for topological Weyl semimetals ranging from the nodalnet, Hopf-link, nodal-chain and unlinked Weyl states have been studied and compared with each other. The topological semimetals described by the model can be connected with Hopf insulators and the model has also paved an easy way to explore Weyl semimetals with multiple Hopf-link loops. Experimentally, the fact that there always exists a quadruply degenerate zero-energy Landau band regardless of the direction of the applied magnetic field may help experimentalists to distinguish the Hopf-link states from unlinked ones.
